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ABSTRACT
This article proposes a method relying on Formal Concept
Analysis and Galois lattices for complex systems analysis.
Statistics based on concept lattices enable the computation
of the \ Conceptual Distribution " of objects classi�ed by the
lattice. Experimentation on sample datasets extracted fro m
three online social networks illustrates the use of these con-
ceptual statistics for the global characterization and the au-
tomatic �ltering of these systems. Moreover, compared to
classical measures, these statistics o�er new perspectives for
object �ltering and lattices simpli�cation that would be us e-
ful for lattices visualization and interpretation. Howeve r,
conceptual statistics calculation, based on Galois lattic es
computation requires expensive calculations. This paper fo-
cuses on conceptual statistics contribution and optimized
methods for their calculation for scalability purposes.

1. INTRODUCTION
This paper proposes a method relying on Formal Concept
Analysis and Galois lattices for Complex Systems analysis.
This technique provides an intuitive visual characterizat ion
of the systems under study through the computation of Con-
ceptual Footprints generated from Galois lattices. These
footprints (de�ned in Section 3.2) help users better under-
stand the data's overall structure and features, as well as
identify signi�cant elements. This method also enables the
automation of outliers' �ltering.

Although this approach is generic and may therefore be ap-
plied to any type of complex system, it is illustrated in this
paper in the context of social networks. Online social net-

works such as Myspace1 , Facebook2 , Flickr 3 or LinkedIn 4

have recently achieved a tremendous success. With such
sites, social networks can be built, based on professional re-
lationships, common studies, speci�c hobbies, etc. These
social systems have become the most popular way of shar-
ing content, express opinions and create relationships with
other users. Social search, social navigation as well as social
visualization have become challenging tasks in this context.

Social network analysis[12] is related to the understanding
and interpretation of the network behavior. Analysis also
provides useful information about the way communities are
formed and interact. Social networks have been studied from
mathematical and statistical points of view[9], and also in
computer science to provide methods for social search, nav-
igation and visualisation[11]. An interesting way to under -
stand and interpret social networks interaction is to combi ne
analysis and visualization as this is done in[13] with Pajek
software. The techniques proposed in this paper constitute
an alternative approach to centrality measures for the anal -
ysis of these networks.

The major contribution of this work is to introduce new
methods for complex system analysis based on Formal Con-
cept Analysis and Galois lattices and their contribution ov er
existing methods such as centrality-based methods. Although
Formal Concept Analysis, based on Galois lattices adds se-
mantics upon analyzed datasets, its computational cost is
still high and proportional to the size of studied datasets.
One can think about reducing the initial dataset size, re-
moving objects that would not a�ect the analysis. However,
classical measures for network analysis focus on the graph
structure regardless of any semantics, hence the need for
new measures for identifying these objects.

This article is organized as follows. Section 2 describes

1http://www.myspace.com
2http://www.facebook.com
3http://www.
ickr.com
4http://www.linkedin.com



centrality measures used in Complex Systems analysis. In
Section 3, we introduce our conceptual measures.Section 4
presents results for the conceptual analysis over real datasets
as well as an evaluation of the contribution of this work with
regard to traditional centrality measures. Finally, Secti on 5
explores a distributed approach for Conceptual Analysis.

2. CENTRALITY MEASURES
In graph theory, there are several measures that determine
the relative importance of a vertex within a graph. How-
ever, quantifying the importance of a vertex depends on the
analysis purpose, thus there are diverse de�nitions for cen-
trality.

In data analysis, there are standard measures of centrality
including closeness[8], betweenness[7], degree and stress cen-
trality.

In the experimentation described in section 4, we will focus
on the �rst two measures, let Cb and Cc denote respectively
the betweenness and closeness centrality.

Let G = < V,E > be a �nite graph and let V and E be the
set of vertices and edges of this graph.

We use dG (s; t) to denote the length of the shortest path
between vertices s and t. By de�nition, dG (s; s) = 0 for
every s 2 V , and dG (s; t) = dG (t; s) for s; t 2 V .

Let � st = � ts denote the number of shortest paths from
s 2 V to t 2 V , where � ss = 1 by convention. Let � st (v)
denote the number of shortest paths from s to t containing
v where v 2 V . Closeness and betweenness centrality are
expressed as follows.

� Closeness centrality

Cc(v) = 1X

t 2 V

dG (v; t )

� Betweenness centrality

Cb(v) =
X

s6= v 6= t 2 V

� st ( v )

� st

High closeness centrality indicates that a vertex can reach
others on relatively short paths whereas high betweenness
centrality indicates that a vertex lies on considerable fra c-
tions of shortest paths connecting others.

One can also focus on relations between these vertices, thus
centrality measures can be extended for quantifying the im-
portance of an edge within a graph.

However, these measures do not take into account the se-
mantic relationship between the di�erent objects, they onl y
focuses on the graph structure. In the following section we
will introduce new measures based on Galois lattices and
Formal Concept Analysis.

3. SOCIAL NETWORKS' CONCEPTUAL
ANALYSIS

3.1 Formal Concept Analysis and Galois Lat-
tices

FCA is a mathematical approach to data analysis which pro-
vides information with structure. FCA may be used for
conceptual clustering as shown in[5] and[14]. The notion of
Galois lattice to describe a relationship between two sets is
the basis of a set of conceptual classi�cation methods. This
notion was introduced by[3] and[2]. Galois lattices group
objects into classes according to the properties they have in
common.

Consider two �nite sets D (a set of objects) and M (the
set of these objects' properties also called attributes), and a
binary relation R D x M between these two sets. Let o be
an object of D and p a property of M. We have oRp if the
object o has the property p.

Let P(D) be the powerset of D and P(M) the powerset of M.
Each element of the lattice is a couple, also called concept,
noted (O, A). A concept is composed of two sets O 2 P(D )
and A 2 P(M ) which satisfy the two following properties
(1): A = f (O)wheref (O) = f a 2 M jo 2 O; oRag O =
f 0(A)wheref 0(A) = f o 2 D ja 2 A; oRag

O is called the concept's extent, and A is its intent. The
extent is a subset of the system's objects and the intent is a
subset of the system's properties.

Galois lattices' complexity in size, due to the very high num -
ber of concepts they contain, makes them very di�cult to
interpret with traditional Hasse diagrams.In [10], the au-
thors have have de�ned interest measures to reduce the size
of large concept lattices and apply their method to health
care social communities. The approach proposed in this pa-
per consists in computing statistics which lead to the de�ni -
tion of a Conceptual Distribution , presented in the following
Section.

3.2 Social Networks' Conceptual Distributions
The Galois lattice is used to calculate statistics for every
object of the social network.Within a social network, objec ts
are members and their properties may be their contacts. In
the following, let an object o.

� Relatedness

Let C the set of concepts from the lattice which con-
tain the object o in their extents. Let C' the subset
of concepts from C which contain at least another ob-
ject than o in their extents and at least one property
in their intents. The value of o's Relatedness (noted
Relatedness(o)) corresponds to the average number of
objects with which o is clustered in concepts from C',
divided by the total number of objects in the social
network. The Relatednessvalue indicates whether o is
connected to many other objects.

� Closeness

Let S the set of objects with which o is clustered in at
least one concept of the lattice (i.e. the set of objects



with which o is connected); these objects have at least
one property in common with o (by construction). The
object o's Closenessvalue (noted Closeness(o)) is the
average number of properties o shares with the other
objects from S, divided by the total number of o's prop-
erties. This parameter indicates whether o is strongly
connected to the other objects from S (i.e. whether it
shares a high proportion of properties with them).

� Conceptual Distribution

The (Relatedness(o), Closeness(o)) pair constitutes the
Conceptual Distribution of the object o.

� Conceptual Footprint

conc footprint (syst) =

(relatedness(syst);closeness(syst))
(1)

relatedness(syst) =

P N
i =1 relatedness(oi )

N
(2)

closeness(syst) =

P N
i =1 closeness(oi )

N
(3)

The average values of the Relatedness and Closeness
parameters for all objects of a given system represent
the Conceptual Footprint of this system. Let syst the
complex system under study, comprising N objects.

4. EXPERIMENTATION AND RESULTS
4.1 Description of the Sample Datasets
For this experimentation, four social networks samples hav e
been collected with a dedicated crawler. This crawler parses
networks from given starting points (i.e. members of the so-
cial network), retrieves the contacts of these \initial" me m-
bers and looks for the contacts of their contacts recursively.
This contacts' extraction is bounded by two parameters de�n -
ing respectively the depth of the search and the maximum
number of contacts retrieved for each member. Each crawled
member, i.e. for whom the contacts have been retrieved, is
called an object, and his/her contacts correspond to his/he r
properties. In the collected samples, the total number of
members is much higher than the number of objects as only
a portion of them have been parsed (due to depth's restric-
tion). The four samples' features are summarized in Table
1.

These samples are partial and biased views of the studied
social networks, as they only contain subsets of members,
selected with various criteria in terms of starting points f or
the crawling process, depth and maximum number of con-
tacts. The interpretations provided in this paper are only
valid locally, for the \regions" from which the datasets are
extracted from. As shown in the following, di�erent results
may be observed with the two samples collected from the
Flickr network.

4.2 Conceptual Analysis' Results
The results presented in this section illustrate how the con -
ceptual approach may be used for social networks' global
characterization as well as outliers' �ltering.

Figure 1: Conceptual Footprints

4.2.1 Social Networks' Global Characterization
Figure 1 represents the Conceptual Footprints of the four
studied social networks samples. These footprints are the
average values of theRelatednessand Closenessparameters
in each system.

Figure 1 shows that the Myspace sample has the Related-
ness' highest average value, before Flickr50, DailyMotion
and �nally Flickr5. This means that the members of Mys-
pace dataset have common contacts with a higher propor-
tion of other members in their networks than the members
of the three other samples. The values of Closeness indi-
cate whether the links between members are strong or not
as it shows if there are few or many common contacts. Once
again, the Myspace sample has higher closeness values than
the others datasets.

Di�erent types of social networks may be distinguished ac-
cording to the values of the Relatedness and Closenesspa-
rameters. High values of both Relatedness and Closeness
characterize a very \tight" network, where all members are
strongly connected to one another. Conversely, low values
of both Relatednessand Closenessare associated to people
who have very little in common.

If the Relatedness value is high and the Closenessvalue is
low, members of the social networks have common contacts
with a large proportion of other members, but the propor-
tion of common contacts is very low. These people are very
loosely connected, probably around leaders.

Finally, a low value of Relatednesswith a high value of Close-
ness characterizes networks comprised of several \communi-
ties", i.e. subgroups of very closely connected members, with
very few inter-groups connections.

In order to analyze more precisely these networks, the Con-
ceptual Distributions of their individual members may be
considered. On Figure 2 each bubble represents an object
of a social network. If several objects have the samerelat-
ednessand closenessvalues then they are represented by a
unique bubble which size is proportional to the correspond-
ing number of objects. The Conceptual Distribution of indi-
vidual members provides additional information about thes e



Table 1: Social Networks Samples
Sample Number of objects Number of

starting points
Depth Max Number

of contacts at
each step

Total number
of contacts

Myspace 20 2 2 50 726
Flickr5 56 3 3 50 994
DailyMotion 61 2 3 5 228
Flickr50 217 2 3 5 1336

values' homogeneity. Flickr50's Relatedness and Closeness
values are indeed much more homogeneous (as they are gath-
ered in the same region of the graphic) than Myspace's,
where several clusters may be distinguished.

4.2.2 Social Networks' Outliers Filtering
The Conceptual Distribution s of Flickr5 and DailyMotion
show members Relatedness and Closeness values are very
low (See Figure 2). These objects are called marginal and it
is interesting to compute the new Conceptual Distributions
obtained after eliminating these outliers (i.e. after dele ting
the bottom left bubble).

Figure 3: Automatic Conceptual Filtering for daily-
motion dataest

Figure 4: Automatic Conceptual Filtering for 
ickr5
dataset

Figure 5: Automatic Conceptual Filtering

The results are presented on Figure 3 and Figure 4. Af-
ter this �ltering process, DailyMotion's Conceptual Distri-
bution (Figure 3) no longer contains any outliers \bubble",
whereas Flickr5's \Conceptual Distribution" (Figure 4) ha s
new marginal elements. If this �ltering process is carried
on with the Flickr5 dataset by computing the Conceptual
Distribution again after the elimination of this new bubble,
other marginal elements are still present. The Flickr5 sam-
ple is therefore intrinsically heterogeneous; it always con-
tains outliers, whatever the number of �ltering steps.

The �ltering process has been automated by eliminating
from the original dataset all objects whose average relat-
ednessand closenessvalues are below the average values for
the overall network minus � � standard deviation for each
parameters, where � may vary.

Relatedness and Closenessparameters are computed again
for all objects of the new sample then outliers are elimi-
nated, and so on. The automatic �ltering algorithm con-
verges when the dataset no longer contains any marginal
object, i.e. when the Relatedness and Closeness values of
all remaining objects are su�ciently homogeneous (or when
there is only one object left if the system is highly heteroge-
neous).

Figure 5 compares this conceptual �ltering applied to the
four studied networks with � = 0 :25. As expected, the
�ltering process based on conceptual parameters strongly
a�ects Flickr5 network as some marginal elements always
remain after the various �ltering steps. On the other hand,
no member from Myspace network is eliminated.

4.3 Centrality-based �ltering
As for Conceptual Filtering, Centrality-based Filtering c on-
sists in eliminating from the original dataset all objects w hose
average betweenness and closeness centrality values are be-
low the average values for the overall network minus � �



Figure 2: Individual Conceptual Distributions

standard deviation for each parameters, where � may vary.

There are di�erent algorithms for centrality computation.
Most of them have a � (n3) time complexity, where n is the
number of vertices in the network. In [4]Brandes introduces
a more e�cient algorithm based on a new accumulation tech-
nique that reduces complexity to � (nm ) time complexity
where m is the number of edges which we use in our exper-
imentation for centrality measures computation.

Since computing the Conceptual Distribution for an object o
requires the calculation of the whole lattice, centrality- based
�ltering seems to be faster than the conceptual one. In the
following section, the two approaches are compared in order
to understand their respective impacts on resulting lattic es.

4.4 Comparison between Centrality-based and
Conceptual �ltering

In order to achieve this comparison, Conceptual and Central ity-
based �ltering are applied on the same dataset (Flickr50).
The original Conceptual Distribution of this sample is rep-
resented on Figure 6.

The Galois lattices associated to the new set of objects (after
the Conceptual and Centrality-based �ltering) are compute d
for di�erent values of � .

Figures 7, 8 and 9 represents theConceptual Distributions
obtained after the conceptual �ltering for � = 1 :25, 0.6 and
0 respectively whereas �gures 10, 11 and 12 represents the
Conceptual Distributions obtained after Centrality-based �l-
tering for the same � values. In each graph, we represent
the original distribution (in red) and the distribution aft er
the �ltering process (blue and yellow respectively for Con-
ceptual Filtering and Centrality-based Filtering) in orde r to

evaluate the impact of the �ltering process.

Figure 7: Conceptual Filtering � = 1 :25

For high � values, all nodes are kept, which is not surpris-
ing as high � values imply very low thresholds. Therefore,
Conceptual Distributions for both �ltering process remain
the same as illustrated in �gures 7 and 10.

As � decreases, some nodes are �ltered. Figures 8 and 11
show the new Conceptual Distributions after the conceptual
respectively the centrality-based �ltering.

Conceptual �ltering eliminates vertices according to thei r
relevance into the Galois lattice thereby discarding verti ces
nodes which are not strongly connected to the other ver-
tices (closeness) and outliers ( relatedness) from a conceptual
point of view.



Figure 6: Original distribution for Flickr50 dataset

Figure 8: Conceptual Filtering � = 0 :60

Centrality-based �ltering eliminates vertices according to
their centrality measures which generally determine the re l-
ative importance of a vertex within the graph regardless of
any semantics.

As expected, Conceptual �ltering preserves the most signi� -
cant \conceptual" vertices, i.e. objects which have the hig h-
est impact on the Conceptual Distribution of the remaining
objects. This is not the case with Centrality-based �lterin g
which may discard objects with high conceptual parameters
values, leading to residual \bottom-left corner bubbles" i n
Conceptual Distributions .

Figures 9 and 12 con�rm this result for lower � values.

Figure 9: Conceptual Filtering � = 0 :00

5. SCALABLE AND DISTRIBUTED
APPROACH FOR CLOSENESS AND RE-
LATEDNESS COMPUTING

Although Conceptual Filtering can bring real bene�ts to so-
cial network analysis as shown in this paper, its computa-
tional cost is high. Indeed, conceptual �ltering is based on
closenessand relatedness computation implying the whole
lattice calculation. Therefore, in this section we introdu ce
a new approach for closenessand relatedness computation
based on the ELL Algorithm[6].

Let o be an object of D and let C the set of concepts from
the lattice which contain the object o in their extents. The
calculation of the Conceptual Distribution associated to o is
based on the determination of C.



Figure 10: Centrality Filtering � = 1 :25

Figure 11: Centrality Filtering � = 0 :60

Figure 12: Centrality Filtering � = 0 :00

Our approach for optimizing Conceptual Distribution com-
putation is based on the computation of the subset C instead
of the whole lattice which is possible using the ELL Algo-
rithm.

For two disjoint subsets X 0 and K of the set of objects I,
the ELL Algorithm lists all the closed sets of I obtained by
extending X 0 with some elements of K i.e. all the closed
sets which strictly contain X 0 and are contained in X 0 [ K .

Moreover, Baklouti et al. introduced a distributed and scal-
able version of the ELL Algorithm in [1] for C computa-
tion called SD-ELL. Although this approach would substan-
tially optimize the Conceptual Distribution computation, it
requires suitable infrastructure for job distribution.

One might think about allocating a set of objects for each
node of the infrastructure i.e. each computational resource
within a grid. Di�erent approaches are being studied and
will be subject for future publications.

6. CONCLUSION
This article presented a conceptual method for Galois lat-
tices analysis and interpretation. This conceptual charac ter-
ization relies on parameters, called Relatedness and Close-
ness, computed for each object according to the extents and
intents of the lattices' concepts. The Conceptual Distribu-
tion s and footprint deduced from these values enable the
systems' global characterization in terms of homogeneity or
heterogeneity, as well as an automatic �ltering of outliers ,
called marginal objects. The proposed generic method has
been applied to four social networks samples in order to il-
lustrate its operation and results. Moreover, the �ltering
process, based on this conceptual characterization, proves
to be more e�cient in preserving objects that would a�ect
the lattice structure than �ltering methods based on tra-
ditional centrality measures. Deleting these nodes would
a�ect slightly the lattice structure and the resulting latt ice
would be more similar to the original one than lattices re-
sulting from centrality-based �ltering. However, computi ng
Conceptual Distribution for all objects within the graph is
very costly in terms of time and space complexity. There-
fore, perspectives of this work consist in investigating di �er-
ent approaches for Conceptual Distribution computing opti-
mization.
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